Abstract. Suppose M is a noncompact connected smooth 2-manifold without boundary and let D(M )0 denote the identity component of the diffeomorphism group of M with the compact-open C ∞ -topology. In this paper we investigate the topological type of D(M )0 and show that D(M )0 is a topological ℓ2-manifold and it has the homotopy type of the circle if M is the plane, the open annulus or the open Möbius band, and it is contractible in all other cases. When M admits a volume form ω, we also discuss the topological type of the group of ω-preserving diffeomorphisms of M . To obtain these results we study some fundamental properties of transformation groups on noncompact spaces endowed with weak topology.
Introduction
The purpose of this paper is the investigation of topological properties of the diffeomorphism groups of noncompact smooth 2-manifolds endowed with the compact-open C ∞ -topology. When M is a closed smooth n-manifold, the diffeomorphism group D(M ) with the compact-open C ∞ -topology is a smooth Fréchet manifold [13, Section I.4] , and for n = 2, S. Smale [26] and C. J. Earle and J. Eell [9] classified the homotopy type of the identity component D(M ) 0 .
In the C 0 -category, for any compact 2-manifold M , the homeomorphism group H(M ) with the compact-open topology is a topological ℓ 2 -manifold [8, 11, 20, 27] , and M. E. Hamstrom [14] classified the homotopy type of the identity component H(M ) 0 (cf. [24] for PL-case). In [29] we have shown that H(M ) 0 is an ℓ 2 -manifold even if M is a noncompact connected 2-manifold. We also classified its homotopy type and showed that H(M ) 0 is contractible except a few cases.
In [2] we studied topological types of transformation groups on noncompact spaces endowed with strong topology. This formulation was intended for an application to homeomorphism groups and diffeomorphism groups of noncompact manifolds endowed with the Whitney topology.
In this article we formulate the notion of weak topology for transformation groups on noncompact spaces. This notion corresponds with the compact-open topology. We see that the main arguments in [28, 29, 30] well extend to transformation groups with weak topology (cf. Theorem 3.1) and these results can be well applied to the diffeomorphism groups of noncompact 2-manifolds.
Suppose M is a smooth n-manifold and X is a closed subset of M . For r = 1, 2, · · · , ∞ we denote Note that any separable infinite-dimensional Fréchet space is homeomorphic to the separable Hilbert space ℓ 2 ≡ {(x n ) ∈ R ∞ : n x 2 n < ∞} [6, Chapter VI, Theorem 5.2] . A topological ℓ 2 -manifold is a separable metrizable space which is locally homeomorphic to ℓ 2 . Since topological types of ℓ 2 -manifolds are classified by their homotopy types, Theorem 1.1 (2) We can also consider the subgroup of diffeomorphisms which are isotopic to id M by isotopies with compact supports. Let D r X (M ) c * 0 denote the subgroup of D r X (M ) c 0 consisting of h ∈ D r X (M ) c which admits an ambient C risotopy h t : M → M rel X such that h 0 = h, h 1 = id M and h t (0 ≤ t ≤ 1) have supports in a common compact subset of M .
We say that a subspace A of a space X is homotopy dense (or has the homotopy negligible complement) in X if there exists a homotopy ϕ t : X → X such that ϕ 0 = id X and ϕ t (X) ⊂ A (0 < t ≤ 1).
In this case, the inclusion A ⊂ X is a (controlled) homotopy equivalence, and when X is metrizable, X is an ANR iff A is an ANR (cf. §2.4). For n-manifolds of finite type we can deduce the following conclusion. 
is a convex space of positive volume forms on M endowed with the finiteends weak C ∞ -topology ew (cf. Section 6). This means that the subgroup D ∞ (M ; ω) 0 is a strong deformation retract (SDR) of D ∞ (M ) 0 , Hence Theorem 1.1 yields the following consequences. 
S. R. Alpern and V. S. Prasad [1] introduced the end charge homomorphism
Here S(M ; ω) is the topological linear space of end charges of (M, ω) and for each h ∈ D ∞ (M ; ω) 0 the end charge c ω 0 (h) measures volume transfer toward ends of M under h (cf. Section 6). In 
As another application of the results in Section 3, in n = 2 we can deduce the topological relations among the subgroups (1) ker c ω 0 is an ℓ 2 -manifold and it is a SDR of
This paper is organized as follows. Section 2 contains some fundamental facts on ANR's and ℓ 2 -manifolds. Section 3 contains main arguments in this article. Here, we investigate some fundamental topological properties of transformation groups on noncompact spaces endowed with weak topology.
In Section 4 these results are applied to the diffeomorphism groups of noncompact manifolds with the compact-open C r -topology. Theorems 1.1 and 1.2 are proved in Section 5. In Section 6 we discuss the groups of volume-preserving diffeomorphisms of noncompact manifolds.
Basic properties of ANR's and ℓ 2 -manifolds
In Sections 3 -6 we see that the ANR-property of diffeomorphism groups and embedding spaces is especially important to investigate the topology of diffeomorphism groups of noncompact manifolds.
In this section we recall basic properties of ANR's. We refer to [17, 23] for the theory of ANR's.
Throughout the paper we assume that spaces are separable and metrizable and maps are continuous (otherwise specified).
A metrizable space X is called an ANR (absolute neighborhood retract) for metrizable spaces if any map f : B → X from a closed subset B of a metrizable space Y admits an extension to a neighborhood U of B in Y . If we can always take U = Y , then X is called an AR. An AR is exactly a contractible ANR. It is well known that X is an AR (an ANR) iff it is a retract of (an open subset of) a normed space. Any ANR has a homotopy type of CW-complex.
We will apply the following criterion of ANR's [17] :
) Any retract of of an AR (an open subset of an ANR) is an AR (an ANR).
(2) A metrizable space X is an ANR iff each point of X has an ANR neighborhood in X. (ii) the map sp : E → E is p-fiber-preserving homotopic to id E and so the map p is a homotopy equivalence with a homotopy inverse s.
The notion of homotopy denseness (or homotopy negligibility) has been defined in §1. A subspace A of a space X is homotopy dense (HD) in X if there exists a homotopy ϕ t : X → X such that
). The homotopy ϕ t is called an absorbing homotopy. The map ϕ 1 : X → A is a homotopy inverse of the inclusion A ⊂ X. (ii) X is an ANR iff A is an ANR.
Lemma 2.3 (1)(ii) follows from Lemma 2.1 (5).
We conclude this preliminary section with the following characterization of ℓ 2 -manifold topological groups [8, 27 ]. An ℓ 2 -manifold is a separable metrizable space locally homeomorphic to ℓ 2 . (2) Two ℓ 2 -manifolds are homeomorphic iff they are homotopy equivalent.
Transformation groups with weak topology
This section includes some results on transformation groups with weak topology. In the next section, these results will be applied to the diffeomorphism groups of noncompact manifolds endowed with the compact-open C r -topology.
Transformation groups.
A transformation group means a pair (G, M ) in which M is a locally compact, σ-compact Hausdorff space and G is a topological group acting on M continuously and effectively. Each g ∈ G induces a homeomorphism of M , which is also denoted by the same symbol g. Let G c = {g ∈ H | supp(g) is compact}. For any subsets K, N of M we obtain the following subgroups of G:
For any subgroup H of G, let H 0 denote the connected component of the unit element e in H. For example, the symbol G c 0 denotes the connected component of e in G c . We also consider a subgroup
(If K = ∅, the symbol K is omitted from the notation.) The group G K (N ) acts transitively on the
coincides with the orbit map at the inclusion i L : L ⊂ M under this action.
We need to pay an attention on the topology of the space
-action is continuous with respect to this topology. The strongest admissible topology on E G K (L, N ) is the quotient topology induced by the map r. Otherwise specified, the set E G K (L, N ) is endowed with this quotient topology.
is endowed with a specific admissible topology τ , we write E G K (L, N ) τ to avoid the ambiguity. The map r :
We say that a map f : X → Y has a local section at y ∈ Y if there exists a neighborhood U of y in Y and a map s : U → X with f s = i U .
Lemma 3.1. Suppose H is a subgroup of G K (N ) and the restriction map r :
Then, the following hold.
(1) The restriction map r| H : H → E H (L, N ) τ is a principal bundle with the structure group H L .
(2) (i) The topology τ coincides with the quotient topology. (2) (i) By (1) the map r itself is a principal bundle. Hence, the map r is a quotient map and the topology τ coincides with the quotient topology.
(
In many cases, the set E G K (L, N ) admits a natural admissible topology τ (for instance, the compactopen C r -topology (r = 0, 1, · · · , ∞)). However, this topology τ coincides with the quotient topology, once we obtain a bundle theorem under the topology τ . Hence, our convention does not lose a generality of the arguments in the subsections below.
Definition 3.1. We say that a transformation group (G, M ) has a weak topology if the topological group G admits a compatible bi-invariant metric ρ which satisfies the following condition: 
Basic assumptions on transformation groups.
Suppose (G, M ) is a transformation group. Since M is locally compact and σ-compact, there exists a sequence {M i } i≥1 of compact subsets of M such that
This sequence is called an exhausting sequence of M . Let
Assumption (A).
(A-0) The transformation group (G, M ) has a weak topology.
(A-1) For each j > i > k ≥ 0, the restriction map
is a principal bundle with the structure group
satisfy the next conditions:
Below we assume that the tuple (M, G, {M i } i≥1 ) satisfies the assumption (A).
Proof. (1) This lemma follows from (A-1), (A-2)(ii) and Lemma 3.1.
(2) (i) By (A-1), for each i > k ≥ 1, the restriction map
is a principal bundle with the fiber
is an ANR if and only if G i
0 is an ANR. The assertions (i) and (ii) follow from these observations. (2) By Lemma 2.3 (2) it suffices to verify the following assertion:
is a bundle map and so there exists an open neighborhood
There exists an absorbing homotopy ψ t of (
Then ϕ 0 (g) = g and for 0 < t ≤ 1 we have
Contractibility conditions.
In this subsection we deduce some conclusions under some contractibility conditions. Consider the following conditions on the tuple (M, G, {M i } i≥1 ):
Below we assume that the tuple (G, M, {M i } i≥1 ) satisfies the assumption (A).
satisfies the condition (C-1), then the following hold.
Proof. The conditions (A-1) and (C-1) imply that
(1) Since the base space E G M k (M i , M ) 0 is metrizable and contractible, the bundle π i k is trivial. This means that there exists a fiber-preserving homeomorphism over
it admits a strong deformation retraction (SDR) onto the singleton {i M i }. This induces the required
(ii) To see that (G M k ) 0 is an ANR, we apply Lemma 2.1 (5) (the Hanner's criterion). By (1), for each i > k the restriction map
is a trivial bundle with an ANR base space and the fiber
k is contractible. These imply that π i k admits a section s i k and that s i k π i k is π i k -fiber preserving homotopic to id. Since the metric ρ is bi-invariant, the diameter of each fiber of
By (A-2) the map π i 0,j : D j → U i,j is a principal bundle. Since the fiber is an AR by (C-2) and the base space is metrizable, this bundle has a global section. Thus, the map π i 0,j is a trivial bundle with an AR fiber and hence it has the following relative lifting property: 
and D j satisfy the following conditions: for each i ≥ 1
In fact, using the property ( * ), inductively we can construct maps
and
(ii) For each i ≥ 1, we can inductively construct a sequence of homotopies
such that
is obtained by applying the property ( * ) to the diagram:
Thus we can define a homotopy F :
Lemmas 3.4 and 3.5 yield the following criterions.
Proof. (1) By Lemmas 3.4 and 3.5 it suffices to verify the following assertions: for each j > i > k ≥ 0 (i) the bundle π i k,j is trivial, and the spaces
(i) By Lemma 3.2 (2) and the assumption, both the total space
From the homotopy exact sequence of the bundle π i k,j it follows that the ANR base space E G M k (M i , U j ) 0 is contractible and the bundle π i k,j is trivial. (Alternatively, since the fiber is an AR, the principal bundle π i k,j admits a global section, which means that this bundle is trivial and the base space is an AR since it is a retract of the AR total space.)
(ii) The assertion follows from (i), (A-2)(ii) and Lemma 2.1 (3).
3 it suffices to show the next assertions:
) also satisfies the assumption (A), by Lemmas 3.4 and 3.5 it remains to verify the condition (C-1) in (i ′ ) and (C-2) in (ii ′ ) respectively.
In fact, the restriction map
This is the condition (C-2) itself for the tuple
. This completes the proof. 
we can define a complete metric ρ on C r (M, N ) by
. Suppose M is a compact smooth n-manifold (possibly with boundary) and X is a closed subset of M . When E → M is a smooth fiber bundle over M and s 0 : X → E is a section of E over X, the symbol Γ r s 0 (M, E) denotes the space of C r -sections s of E over M with s| X = s 0 , endowed with the compact-open C r -topology. When E is a vector bundle over M , the space Γ r s 0 (M, E) is a Fréchet space. If E is a fiber bundle over M and the fiber of E is a smooth manifold without boundary, then 
is also a Fréchet manifold since it is identified with Γ r s 0 (M, E) for the trivial bundle E = M × N → M and the section s 0 (x) = (x, f 0 (x)) over X 
(2) Since Fréchet manifolds are localy path-connected, the connected components E r X (N, M ) 0 and
The bundle theorem.
The bundle theorem connecting diffeomorphism groups and embedding spaces [7, 18, 22, 25] plays an essential role in order to apply 
Consider the restriction map π : 
is a principal bundle with fiber
D r X∪(M \U ) (M ) 0 ∩ D N (M ).
Diffeomorphism groups of noncompact n-manifolds.
Suppose M is a noncompact connected smooth n-manifold without boundary and X is a compact smooth submanifold of M . A smooth exhausting sequence of (M, X) means an exhausting sequence
Obviously (M, X) has a smooth exhausting sequence and any smooth exhausting sequence of (M, X) satisfies the assumption (A) with respect to the diffeomorphism group D X (M ). Therefore, Theorem 3.1 and Lemma 4.1 (3) yield the following consequences.
Proposition 4.1. Suppose M admits a smooth exhausting sequence {M i } i≥1 such that
Proposition 4.2. If M = Int N for some compact n-manifold N with non-empty boundary, then
Proof. Take a smooth closed collar 
Thus, by Lemma 2.2 the maps π and π 1 are homotopy equivalences. 
By [9] and a C r -analogue of [10] we have Lemma 5.1. Suppose M is a compact smooth 2-manifold (possibly with boundary).
(2)).
In 
Then we have 
(ii) each component C of ∂N does not bound a disk or a Möbius band, 
(II) (M, X) is not Case (I).
Theorems 1.1 and 1.2 are rewritten as follows:
Proof. Case (I) : From the assumption it follows that (M, X) = (Int N, X), where (N, X) = (D, ∅),
, L is a disjoint union of finitely many circles). Therefore, from Proposition 4.2 for n = 2 follows the assertions (1), (3) and (2) 
We can write as M = ∪ ∞ i=0 M i , where M 0 = X and for each i ≥ 1 (a) M i is a nonempty compact connected smooth 2-submanifold of M and 
To apply Proposition 4.1 we have to verify the following conditions: Proof of Proposition 1.1. For notational simplicity we set G = D r X (M ). We choose an exhausting sequence {M i } i≥1 of (M, X) as in the proof of Theorem 5.3 Case (II).
Below we assume that (M, X) does not satisfy the condition (b). Note that h is C 0 -isotopic to id M rel X since h ∈ G 0 and G 0 is a connected ANR.
(1) The case (a) with X = ∅. Since h ∈ G 0 is C 0 -isotopic to id M , from Lemma 5.2 it follows that h is C r -isotopic to id M rel N and h ∈ G(U i ) 0 .
(2) The case (a) with X = ∅ : Let F k (k = 1, · · · , m) denote the connected components of the compact 2-submanifold cl(M i \ X) which are disks or Möbius bands let H ℓ (ℓ = 1, · · · , n) denote the remaining components. Set
Define A ⊂ X by choosing two interior points from each component of X. 
, then J has two ends, since it is the union of X 1 \ A for some component X 1 of X and some F k 's. Otherwise, J is a component of M \ U i , so it is noncompact and J ∼ = S 1 × [0, 1) by the condition (a). Therefore, by Lemma 5.2 h ′ | M ′ is C 0 -isotopic to id M ′ rel N ′ and by the end compactification we
[B] If (M, X) does not satisfy the conditions (a) and (b), then G c * 0 G c 0 : Suppose (M, X) does not satisfy the conditions (a) and (b). Then M contains a product end
0 is obtained by sliding the Dehn twist towards ∞. This implies that h ∈ G c 0 . It remains to show that h ∈ G c * 0 . On the contrary, suppose h ∈ G c * 0 . Then h ∈ G(M i ) 0 for some i ≥ 1 and there exists a C 0 -isotopy 1) and M i is contained in an annulus L in M . This means that the Dehn twist in L is C 0 -isotopic to id L rel ∂L, a contradiction. Thus we may assume that 
This is a contradiction. This completes the proof.
Groups of volume-preserving diffeomorphisms of noncompact 2-manifolds
In this final section we discuss topological types of groups of volume-preserving diffeomorphisms 
These subgroups are endowed with the subspace topology (i.e., the compact-open C ∞ -topology). As before, the subscript '0' denotes the identity connected component. Note that
is a separable, completely metrizable topological group since it is a closed subgroup of D X (M ). It is also seen to be infinite-dimensional and non locally compact. Hence, by
First we recall Moser's theorem [21] and its extension to the noncompact case [31] . (We refer to [1, 5, 31] for end compactifications and related matters.) The space E M of ends of M is a compact 0-dimensional metrizable space. Let E ω M denote the subspace of E M consisting of ω-finite ends of M . Each h ∈ H(M ) admits a unique homeomorphic extension h on the end compactification M ∪ E M .
This space is endowed with the finite-ends weak C ∞ -topology ew (cf. [5, 31] ). The group D + (M, E ω M ) acts on the space V + (M ; ω(M ), E ω M ) by the push-forward of forms and induces the orbit map at ω,
Moser's theorem [21] and [ (
In the statement (2) we apply Moser's theorem [21] and [ Let
where C is any n-submanifold of M such that Fr M C is compact and E C ⊂ E M is the set of ends of C. The end charge homomorphism
The kernels ker c ω and ker c ω 0 are separable, non locally compact, completely metrizable topological groups. Hence, by Theorem 2.1 the group ker c ω (or ker c ω 0 ) is an ℓ 2 -manifold iff it is an ANR. In (
(ii) ker c ω 0 = (ker c ω ) 0 and it is a SDR of D(M ; ω) 0 .
The bundle theorem.
Next we obtain the bundle theorems for groups of volume-preserving diffeomorphisms. Suppose M is a connected oriented smooth n-manifold without boundary, ω is a positive volume form on M , N is a compact smooth n-submanifold of M , X is a closed subset of N and N 0 is smooth n-submanifold
For notational simplicity we set (G, The extension theorems for the transformation groups H and F are summarized as follows:
Proof. In each case we may assume that
(H) Choose any compact smooth n-submanifold N 1 of U 0 with N ⊂ U 1 ≡ Int N 1 . Consider the
Applying Moser's theorem [21] or [31, Corollary 1.1] to each L ∈ C(N 0 − Int N ) we obtain a map
The map ψ induces a map
We verify that χ(f ) ∈ V ω N (U 1 ) (f ∈ U). Since f ∈ E H (N, U 0 ) there exists a h ∈ H(U 0 ) with
Finally, the required map ϕ : U → H(U 0 ) 0 is defined by
(F ) By the assumption we can find a compact smooth n-submanifold N 1 of M such that N ⊂ Int N 1 ,
Applying Moser's theorem [21] to each K ∈ C(N * 1 ), we obtain a map
By Theorem 4.1 there exists a neighborhood U 1 of i N in E ∞ (N, U 1 ) and a map
Thus we have χ(f )(K) = ω(ψ(f )(K)) = ω(K) and this means that χ(f ) ∈ V ω N (U 1 ). Consider the restriction map π : Int N ) . Then, the following hold.
is a principal bundle with fiber F N (U ).
is a principal bundle with fiber
We also need the following complementary resutls to Theorem 6.1.
Proof. (1) We may assume that U = Int N 1 for some compact n-submanifold N 1 of U 0 . Applying
and so we may assume that ϕ(U) ⊂ F X (U ) 0 .
Consider the homeomorphism
(2) We have to show that the subset F = f ∈ E F X (N, U 0 ) co 0 ( * ) coincides with E F X (N, U 0 ) co 0 . Corollary 6.1 implies that i N ∈ F. Therefore, it suffices to show that F is closed and open in
and ψ(f ) = id M . Since V ∩ F = ∅, we can choose a g ∈ V ∩ F. Since g ∈ V it follows that ψ(g)f = g and f = ψ(g) −1 g. In turn, since g ∈ F, there exists a compact n-submanifold N g of U 0 such that N ⊂ U g ≡ Int N g and g ∈ E F X (N, N g ) co 0 . We may assume that U g ∩ L is connected for each L ∈ C(N 0 − Int N ). Then, by Corollary 6.1 the restriction map
is a principal bundle. Hence, there exists an h ∈ F X (U g ) 0 such that g = h| N .
Take a compact n-submanifold N 1 of U 0 such that N f ∪ N g ⊂ N 1 . Then, we have V ⊂ E F X (N, N 1 ) co 0 . In fact, for any k ∈ V, it follows that ψ(k)ψ(g) −1 h ∈ (F X (U f ) 0 ) 2 F X (U g ) 0 ⊂ F X (N 1 ) 0 and that k = ψ(k)f = ψ(k)ψ(g) −1 h| N ∈ E F X (N, N 1 ) co 0 . This means that f ∈ F. This completes the proof.
6.3. Groups of volume-preserving diffeomorphisms of noncompact n-manifolds.
Suppose M is a noncompact connected orientable smooth n-manifold without boundary, ω is a volume form on M and X is a compact smooth n-submanifold of M . We set (G, k,j which is sufficiently close to f so that there exists a k ∈ G(U j+1 ) such that kg = f . Since the restriction map By Lemma 6.1 (1) there exists a neighborhood V of f in E F X (N, M ) co 0 and a map ψ : V → F M k (U j+1 ) 0 such that ψ(g)f = g (g ∈ V) and ψ(f ) = id M . Since V ∩ U i k,j = ∅, we can choose a g ′ ∈ V ∩ U i k,j . There exists an h ′ ∈ F M k (U j ) 0 ⊂ F M k (U j+1 ) 0 such that h ′ | M i = g ′ . It follows that ψ(g ′ ) −1 h ′ ∈ F M k (U j+1 ) 0 and f = ψ(g ′ ) −1 h ′ | M i ∈ U i k,j+1 as required.
Remark 6.2. The tuple (H X , M, {M i } i≥1 ) does not satisfy the assumption (A-2) (ii).
Lemma 3.5 and Theorem 3.1 (2)(ii) induce the following conclusions. We can apply Proposition 6.1 (2)(ii) to each L ∈ C(M − Int X) to show that (F X ) 0 is a SDR of (H X ) 0 .
Hence (F X ) 0 is also an ANR. (ii) F M 1 (U j ) 0 ∩ F M i ≃ * for j > i ≥ 2: In the proof of Proposition 4.2 (3) we have already shown that G M 1 (U j ) 0 ∩ G M i ≃ * for j > i ≥ 2. By Proposition 6.1 (1) F M i (U j ) = H M i (U j ) is a SDR of G M i (U j ). Then, it follows that F M 1 (U j ) 0 ∩ F M i = F M i (U j ) 0 and it is a SDR of
This implies the assertion.
Groups of volume-preserving diffeomorphisms of noncompact 2-manifolds.
Suppose M is a noncompact connected orientable smooth 2-manifold without boundary and ω is a volume form on M . 
